The ability to directly manipulate an embedded object in the free-form deformation (FFD) method improves controllability. However, the existing solution to this problem involves a pseudo-inverse matrix that requires complicated calculations. This paper solves the problem using a constrained optimization method. We derive the explicit solutions for deforming an object which is to pass through a given target point. For constraints with multiple target points, the proposed solution also involves simple calculations, only requiring solving a system of linear equations. We show that the direct manipulations exhibit the commutative group property, namely commutative, associative, and invertible properties, which further enhance the controllability of FFD. In addition, we show that multiple point constraints can be decomposed into separate manipulations of single point constraints, thus providing the user the freedom of specifying the constraints in any appropriate order.
The design of complex models is a key problem in computer-aided geometric design and computer graphics. Many efforts have been made towards developing more convenient techniques for designing and modifying solid or surface models (Barr 1984 Bechmann (1994) presented a survey of these techniques. Barr (1984) introduced a range of geometric transformations that include bending, twisting, and tapering. Sederberg and Parry (1986) proposed the widely used freeform deformation (FFD) method. The idea of the FFD method is simple: by embedding the object to be deformed in a simple, yet flexible, solid, the deformation of the solid is propagated to the embedded object. In the original FFD method (Sederberg and Parry 1986) , the embedding solid is a parallelepiped represented by a trivariate Bézier volume. This technique has been extended to include lattices of non-parallelepiped or arbitrary topology (Coquillart 1990; MacCracken and Joy 1996), and trivariate B-splines or NURBS volumes (Griessmair and Purgathofer 1989; Lamousin and Waggenspack 1994) . A disadvantage of these FFD methods is in the indirect control of the deformation through adjusting control points or weights of the embedding volume. It is difficult to get the object to pass through desired points precisely. Moreover, a large number of control points in complex models makes it impractical to determine the exact number of control points to be changed and how they must be changed to produce a desired deformation. These deficiencies motivated Hsu et al. (1992) to investigate the direct manipulation of FFD. Given a user selection of source points on an object and the target points, their method automatically computes the necessary repositioning of the control points using a least-square formulation. With this method, designing complex objects using the FFD method becomes more intuitive; users no longer need to understand the tensor-product Bézier or NURBS volume to use the FFD as a modeling tool. Hsu et al.'s proposed solution to the FFD direct manipulation problem, however, uses a pseudo-inverse (generalized inverse) matrix that involves complicated calculations. This paper presents a new way of solving the FFD direct manipulation problem. The approach is based on a constrained optimization method, which enables the derivation of simple explicit solutions in the case of single point constraints. We will prove that these direct manipulations exhibit the commutative group property, which indicates their high controllability. For multiple point constraints, we will derive solutions that only involve solving a system of linear equations. The decomposability of the multiple point constraints problem into separate manipulations involving single point constraints will also be proved.
FFD method using NURBS volume
We assume that the embedding volume is a NURBS parallelepiped. It is represented as a tensor-product NURBS volume Q(u, v, w) with uniformly distributed control points
where
and where W i, j,k are the corresponding weights of P i, j,k , and B i, p (u), B j,q (v), and B k,r (w) are the pth, qth, and rth order B-spline basis functions defined over the knot vectors
We denote the object to be deformed by O, and embed it in a NURBS volume Q(u, v, w). Adjusting the control points, weights, or knot vectors of the NURBS volume will modify Q(u, v, w) and propagate the deformation to object O. The process is as follows: calculate the parameters (u, v, w) of the points on O with reference to Q(u, v, w), deform the NURBS volume, and compute the new positions of these points by substituting the computed parameters into the deformed NURBS volume. The uniform distribution of the control points enables the parameters (u, v, w) to be quickly derived through simple linear transformations.
Explicit solution for direct manipulation of FFD
Suppose that a source point S on an object O is to be moved to a target point T, and that (u s , v s , w s ) are the parameters of S with respect to the original NURBS volume. We compute the displacement δ i, j,k of each control point P i, j,k so that the following constraint is satisfied:
The optimization objective is defined as
and therefore the Lagrange function can be written as
T is the Lagrange multiplier, and · is the Euclidean norm. By setting
= 0, and writing the derived formulas in vector form, we obtain the following equations:
Substituting (6b) into (6a), then equating it to the expression obtained from (6b), we obtain
Solving for δ i, j,k yields the explicit solution for the direct manipulation as follows:
That is, by setting each control point to its new position of P i, j,k + δ i, j,k , we will achieve the desired deformation of moving S on the object O to the target point T. 
, p non-vanishing ones. Thus, (7) has only p × q × r non-vanishing terms. Analogously, the above method can be extended to modify weights, instead of control points; for brevity, we omit the details in this paper.
Commutative group property of FFD direct manipulation
Suppose S is a point on a deformable object. We can perform several consecutive manipulations that move S to pass first through T 1 , and then through T 2 , T 3 , etc. The manipulations are denoted by ω(S, ρ i ), where the displacements ρ 1 = T 1 − S, and
We define a binary operator to represent the composition of two FFD direct manipulations:
Since the composition entails a vector addition, clearly (Ω, •) is a commutative group, where Ω denotes the set of all direct manipulations; that is, Ω is commutative and associative under the operation •, it has the unit element ω(S, 0), and for each element ω(S, ρ) in Ω, there exists an inverse element ω(S, −ρ).
The direct manipulation provides a practical and explicit editing tool. The commutative group property further enhances the controllability of the technique in the following ways:
1. The result of a direct manipulation only depends on the starting point S on the object to be deformed and on the final target point T. Users can thus modify the shape of an object using any appropriate direct manipulations. 2. The existence of the inverse element enables the user to "undo" an undesired manipulation to revert to the original shape. Figure 1 shows some examples of direct manipulations with single point constraints. The source point on the surface and its target point are shown in red and blue, respectively. The embedding lattice satisfying the specified constraints is automatically computed using the explicit solution. The first two manipulations are undone to revert to the original shape shown in Fig. 1d . Figure 2 illustrates the commutative group property; the displacements performed to the source point on the surface are ρ 1 followed by ρ 2 in Fig. 2a , and are ρ 2 followed by ρ 1 in Fig. 2b .
Direct deformation with multiple point constraints
The user often wants to specify more than one constraint at a time. If these constraints are mutually independent, i.e. there are no common control a b Fig. 2 . Examples to illustrate the commutative group property of FFD direct manipulation points, the deformation can be achieved by performing a sequence of single-constraint manipulations as described earlier. We now consider direct manipulations that have mutually dependent point constraints.
Suppose that S f , f = 1,· · ·,h are the source points on an object, having the parameter values (u f , v f , w f ), f = 1, · · · , h, and that T f , f = 1, · · · , h, are the corresponding target points. In order to move S f to T f , f = 1, · · · , h, we must compute the displacement δ i, j,k of each control point P i, j,k so that the following constraints are satisfied:
We define the Lagrange function with the same optimization objective as in (4), 
By solving for δ i, j,k from the above system of linear equations, we derive the optimum solution of FFD direct manipulation under multiple point constraints. We now consider the existence of the solution of (10a) and (10b). To simplify the expressions, we let t f denote the parameter values (u f , v f , w f ) of the point S f . We write (10a) and (10b) in matrix form
Substituting (11b) into (11a), we obtain D = R T Rλ, and thus λ = (R T R) −1 D. Solving for δ yields
Hence, the existence of (10a) and (10b) depends on the existence of the inverse matrix of R.
Decomposability of multiple point constraints
We now show that a direct manipulation with multiple point constraints can be decomposed into separate direct manipulations involving only single point constraints.
To sculpt a complex model using the FFD method, it is often convenient to specify multiple constraints at a time. The decomposability property of the multiple point constraints further implies that the desired shape can also be obtained by interactively specifying only single point constraints.
Theorem. A direct manipulation of FFD with h point constraints can be decomposed into h manipulations with single point constraints.
Proof. Let S 1 , S 2 , · · · , S h be source points on an object O, and T 1 , T 2 , · · · , T h be the corresponding target points. We assume the existence of the solution of this direct manipulation. Suppose that the FFD direct manipulation with h point constraints can be decomposed into h steps of FFD direct manipulation with single point constraints. The first manipulation moves S 1 to T
1 , which also causes S f to move to some T (1) f , ( f = 2, · · · , h). Denote the displacement of each source point in the first step as D (1) f , ( f = 1, · · · , h) and the displacement of each control point in this step as δ (1) 
2 , which causes T (1) f to move to some T (2) f , ( f = 1, · · · , h, f not equal 2), and so on. In general, the qth step moves
q , and causes
) and the displacement of each control point in this step as δ
In the qth step, the direct manipulation is performed to the qth point, which yields the following equation:
The displacements of all other points caused by the moving of the qth point are
Thus the total displacements of the pth point in all the h steps are
, we obtain R T RM = D; thus,
and the total displacements of each control point is
Writing (17) in matrix form, we obtain
which is the same as (12) . Thus, the effect produced by these h separate direct FFD with single point constraints is the same as the effect of one direct manipulation with h multiple point constraints. This completes the proof of the decomposability of multiple point constraints.
• From the above result, not only can we obtain the displacement δ (q) i, j,k , q = 1, · · · , h of each control point in each step, but we can also obtain the explicit solution of the displacement D (q) q , q = 1, · · · , h of the qth point to be moved in the qth step.
Modeling examples
We have modeled several examples using direct manipulations with multiple point constraints. Cubic NURBS volumes with uniform knot vectors are used in all the examples. The bottle in Fig. 3 is obtained by specifying four point constraints. In Fig. 4 , a hollow cylinder is transformed into a cup using multiple point constraints; the target points are not shown in the figure due to their large number. Figure 5 shows the results of specifying four point constraints and using lattices of different resolutions in Fig. 5b-d . Two constraints are specified near the mouth of the fish and another two constraints near its tail. It is observed that with lattices of higher resolutions, the deformation is confined to regions closer to the specified source points. Figure 6 shows an example of local deformation, achieved by specifying two constraints at the top of the alien's Figure 7 illustrates the decomposability property of multiple point constraints. Figure 7a shows the original fish with four points to be deformed; the result of FFD with four point constraints is given in Fig. 7b . The decomposition process of this manipulation with four constraints to four separate manipulations with the ith point constrained in the ith step (i = 1, · · · , 4) is shown in Fig. 7c -f.
Conclusions
The direct manipulation method of FFD proposed by Hsu et al. (1992) is based on computing a pseudoinverse matrix that involves complicated calculations. We solve the direct manipulation problem using a constrained optimization method and obtain the explicit solutions involving only simple calculations. The new technique excels in its simplicity and geometric explicitness in comparison with the previous approach, and it is easy to implement. We have also proved the commutative, associative, and invertible properties of the direct manipulations, as well as the decomposability property of the multiple point constraints problem. With these properties, the efficiency and controllability of the direct manipulation of FFD are greatly enhanced.
